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Abstract

We give explicit computations of a pair of double Dirichlet series first studied by
the Friedberg, Hoffstein, and Lieman. These computations are performed in the rational
function field because, in this context, the series are power series which turn out to be
rational functions.

Recently the Weyl group multiple Dirichlet series have been an area of intense re-
search. We provide an explicit computation for these series associated to the root system
of type A,, again in the rational function field case. This shows the equivalence of two
different descriptions of the local parts of these series and establishes uniqueness. It is
conjectured that a multiresidue of the Weyl group multiple Dirichlet series correspond
with the double Dirichlet series first noted of Friedberg, Hoffstein, and Lieman. This
conjecture is proven in the rational function field case using the computed rational func-

tions.



Chapter 1

Introduction

Jjoy unfound
in lovely sunset;
I turn and see the symmetry

1.1 Background

The techniques of multiple Dirichlet series have arisen in recent decades as a way of
providing estimates and average values of special values of L-functions over various
fields. In just the past 10 years, there has been a concerted effort to unify and extend
these results in a consistent framework. This has resulted in the description of Weyl
group multiple Dirichlet series by Brubaker, Bump, Chinta, Friedberg, Hoffstein, and
Gunnells in the papers [BBC*T06, BBF06, CGa] (by some subsets of the aforementioned
authors). These are a generalization of single variable Dirichlet series to multiple com-
plex variables and they satisfy a larger group of functional equations.

There remain a number of unanswered questions in these and related papers. For ex-
ample, Friedberg, Hoffstein, and Lieman described two bivariate multiple Dirichlet se-
ries in [FHLO2] which, taken together, satisfy a group of 32 functional equations. These
bivariate series are not actually Weyl group multiple Dirichlet series, but Brubaker and
Bump ([BB06]) provided evidence that they are actually (r — 2)-fold residues of Weyl

group multiple Dirichlet series associated to the root system A, for » > 2. They veri-



fied this conjecture for type Az, but were unable to prove the conjectured relationship in
general. The case » = 3 is manageable because, thanks to Patterson [Pat77a, Pat77b],
we have a complete understanding of the Fourier coefficients of the theta function on
the 3-fold metaplectic cover of S L, that arise when we take the residues of the Dirichlet
series constructed from cubic Gauss sums. For r > 3 the precise nature of the coef-
ficients of the r-fold cover theta functions remains mysterious. Nevertheless, there is
much evidence in favor of the expectation that the two series constructed by Friedberg,
Hoffstein and Lieman coincide with a multiresidue of a Weyl group multiple Dirichlet
series. The principal work of this dissertation is to explicitly compute these series over
a rational function field and to show that these residue relationships hold for » > 2. In
[ChiO8] Chinta has carried out this explicit computation for » = 2. This dissertation
expands on his work by computing these rational functions for all A, with r» > 2.

Another partially open question is to understand the relationship of the construc-
tion in [BBC"06, BBF06] and an alternative construction by Chinta and Gunnells in
[CGa]. Chinta and Gunnells construct Weyl group multiple Dirichlet series by defining
a group action and finding an invariant expression by summing over the Weyl group.
The equivalence of these definitions has been supported by computational comparison
and is proven rigorously for series of type A, built from quadratic twists in [CFGO08].
In this dissertation we extend this result to show that these definitions are equivalent for
stable series of type A,.

In general, a multiple Dirichlet series has the form

a(cy ..., cp)
Z(S1,. ..y 8r) = Z o

S1 |c2|32 e ’CT"ST ’

where the sum is over the integer r-tuples (ci, ..., ¢,) (or integer ring of some global
field modulo units), | - | is the absolute norm. For the Weyl group multiple Dirichlet

series, the numerator a(cy, . . ., ¢,) satisfies a twisted multiplicativity, initially we have
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convergence for R(s;) sufficiently large, and the analytic continuation has been estab-
lished for all of C". More specifically, the series corresponding to the root system Aj is

heuristically given by

o1 eg(t e (2)

(n) _
Z2 (51752)_2 |C1’31‘C2’S2

We say “heuristically” since (E—;) is only defined for ¢y, co relatively prime. In reality
we define the numerator precisely by defining it for prime powers ¢; = p* and ¢, = p’

and using the twisted multiplicativity. Here ¢(1,¢) is a Gauss sum constructed from

a
c2

n'® power residue symbols and ( ) is such an n'" power residue symbol. Each root
system A, has an associated series with  complex variables, which can be constructed
from nt" order Gauss sums for n > 1. We will indicate such a series by Z,("). We will
give a more precise definition for 7™ in Section 1.3.

The advantage of limiting ourselves to the rational function field is that the series
7™ can be computed explicitly as a rational function of |¢;| ™ for 1 < i < r. With this

explicit form, we can then use elementary techniques to evaluate the » — 2 residues and

observe the desired relationship.

1.2 Common Definitions

Throughout this dissertation, n > 2 will be an integer and we construct our various

series with n'" power residue symbols. We will work over the finite field F, with ¢

elements. Let y1, = {a € F, : a” = 1} and let x : FX — 1, be the character a a’

Let K be the rational function field F,(¢) with polynomial ring Ox = F,[t]. We let K,
denote the field of Laurent series in ¢ ~*.
In order to define Gauss sums we first need an additive character on K. Let ey be

a nontrivial additive character on IF,,. Use ¢ to define a character e, of I, by e,(a) =

4



eo(Trg,/r,a). Let w be the global differential dz /2. Finally define the character e of
Ko by e(y) = ex(Ress (wy)) for y € K. Note that

{yEK:e|yOK: 1}20[(

Fix an embedding ¢ from the the n'" roots of unity of F, to C*.

The most basic Gauss sums we utilize are

T (1) NG R

() =Y e (j M) eq (7)., (1.2)

J€EFq
which is associated with the field [F,.

and

A common feature appearing throughout this dissertation is a formal relationship
between the rational function defining the local part and the closed form evaluation of

the series. This will appear in various guises, but the general variable changes

s; — 2—31- forl <:<r
pl — (1.3)
g(1,¢,p)//Ip] — 7(€)/\/qg forl<i<r

transform the local rational function at p to the global series Z. This similarity arises
as the local series and the global series both satisfy functional equations with a similar
form. We will show that these similar functional equations admit unique solutions,

which must also be similar.

Remark 1.2.1. The classical single variable ( function associated with IF[t| exhibits

the variable transformations of equation (1.3). Recall that

= {# monic polynomials of degree n

qns
d monic (1 4)

Gr (s

—s’



and the p-part for some irreducible p is

Z | = (1.5)

Ipl’

1.3 Defining Z\") and Principal Results

In this section we will give a more precise definition of the Weyl group multiple Dirich-
let series Z\™. We will also indicate the theorems which motivate the work in this

dissertation. We define

(n) H(cy, ... cr)
Z0 (51,0 8) = Qs1,.080) Y |Cl|81|62|82”_| e (1.6)
where the sum is over all r-tuples (c1, ..., ¢,) with ¢;, 1 <7 < r, monic polynomials in

IF,[t] and 2 is a product of normalizing zeta factors which is entirely defined in Chapter
4. The numerator H (cy,...,c,) is defined via a twisted multiplicativity which we now

describe. For fixed (¢; - - - ¢, ¢} - -+ ) = 1, we put

H(cidy,...,c.d) =&(e,cVH ey, ..., )H(c, ..., c), (1.7)

CoBEOEOREE o
i=1 N i=2 N\ i

The p-part of Z" is given in Theorem 3.1.1. This p-part together with the twisted

where

multiplicativity entirely determines the coefficients /.
Here is a brief outline of the remainder of this dissertation. In Chapter 2 we compute
a pair of double Dirichlet series over the rational function field. We heuristically define

the first
L(s, Xm)

]

ZypuL(s,w) = Z

m



but delay any discussion of the second Z5 gy, until later. Here x,, is an n'™ order power
residue symbol. The series Z; gy, and Zs gy, are related by a group of functional
equations induced by the functional equation of L(s, x,,).

Chapter 3 lays the foundation for Chapter 4 by establishing properties of the p-part of
Z{™ . Following [CGa] we use a functional equation which the p-part H{™ (sq, .. ., s,; p)
must satisfy to derive an explicit rational function expression for H'™. This establishes

the following theorem:

Theorem 1.3.1. Let n > r. Then the p-part of the Weyl group multiple Dirichlet series
Zﬁn) described in [BBC*06] matches that of [CGal].

Refer to Theorem 3.1.1 for the rational function.
Finally, in Chapter 4 we show that the Z; py, series are a multiresidue of Weyl group

multiple Dirichlet series. We prove the following theorem:

Theorem 1.3.2. Given Z,(«T) defined in equation (4.1) and Z pyr, Z2 rur defined in

Chapter 2, we have

Res  --- Res Z0Nxy, 20, ... 1) =
wo—q (DT gy qm(rHD)/T
Zyrpan(@Y ey, ¢Vrxy) 19)
T (L — g 2ap) (1 — g —H2ay)
and
Res ---  Res Z"(zy,29,...,2,) =
x3—q—(r+1)/r zp—q— (/7
7 1/2 (r+1)/r
2, raL(q 711, q ) (1.10)

[p— . .
[[isy (1 —g—i+tafas) (1 — g7 +2at)
where &, is a constant depending only on r. We have used the notation xv; = q~ %,

1< <.

Theorem 4.1.1 specifies the constant &,.



Chapter 2
A Pair of Double Dirichlet Series

to comprehend
the equal equals;
we seek thy bashful face
2.1 Introduction

The main result of this chapter is the explicit computation of an infinite sum of L-
functions associated to n'" order Hecke characters of K. The infinite sums we consider
are examples of double Dirichlet series in two complex variables, and can be written as
power series in ¢—° and ¢~". In fact it will turn out that the series we construct will be
rational functions in ¢~ and ¢~*.

The series studied in this chapter are not Weyl group multiple Dirichlet series. How-
ever, we will show in Chapter 4 that they are a multiresidue of certain Weyl group
multiple Dirichlet series. We compute them here in the rational function field case in
preparation for these later results.

These series are function field analogs of the series studied by Friedberg, Hoffstein
and Lieman in [FHLO2]. In that paper, working over a number field /' containing the

n*" roots of unity, the authors study a double Dirichlet series that is roughly of the form

™ L(s, o) (Nm) ™,



where the sum is over integral ideals m of F, the character Y, is the n'" order power
residue symbol associated to m, and Nm denotes the absolute norm. The authors show
that this double Dirichlet series has a meromorphic continuation to all (s, w) € C? and
satisfies a group of functional equations relating it to a second series constructed from
Gauss sums. The main ingredients in the proof are the functional equation of L(s, x ),
properties of the Fourier coefficients of the metaplectic Eisenstein series on the n-fold
cover of GGL,, and Bochner’s tube theorem.

In the case n = 2, these ideas were applied by Fisher and Friedberg [FF04] in the
context of a general function field to show the rationality of double Dirichlet series
constructed from quadratic L-functions. The case n = 2 is somewhat easier because
the Gauss sum arising in the functional equation of a quadratic Hecke L-series is trivial,
and the theory of metaplectic Eisenstein series is not needed.

Here we follow a more elementary method originally introduced in [CFHO6] in the

case n = 2. We exploit the fact that

d
> (1)
dEF,[1]

deg d=k
vanishes if k is bigger than or equal to the degree of m, unless m is a perfect n'* power.
Here (£) = x,,(d) denotes the n' power residue symbol for m, d relatively prime. If

m and d are monic, then we have the reciprocity law

- (2)

when ¢ is congruent to 1 mod 2n, see e.g. Rosen [Ros02], Theorem 3.5.
We now describe our results more precisely. We will define two double Dirichlet
series, explicitly compute them as rational functions in ¢~*, ¢~ and show that they

satisfy functional equations that relate them to one another. We begin by defining two



multiplicative weighting factors a(d, m) and b(d, m) for pairs of monic polynomials, as

in [FHLO2]. For a monic prime polynomial p, let

n—1)d/n . . . _
a(p’, pt) = |p|( Dd/n g q = r‘mn(], k) and d = 0 mod n 22)
0 otherwise,
and )
1 ifk=0
| P> (ol = 1) ifj > k,k =0modn, k>0
b(p’,p*) = —[p|*/*! ifj—k—1,k=0modn k>0  (2.3)
|p| 172 ifj=k—1,k#0modn,k >0
\0 otherwise.
Then define

a(d,m) = H a(pj’pk>’ b(d,m) = H b(pjapk)

pl|d plld
pF|lm pF||lm
deg d

Here |d| denotes the norm ¢
Let O denote IF,[t] and O,,,, the set of monic polynomials in F,[¢]. Let (o (s) be the

zeta function of the ring O, that is

Cols) = (1—¢' )",

The first double Dirichlet series we consider is

A

Xmo(d)a(d, m
Zl (8, U)) = Z W, (24)
dmEOmon

where my is the n'" powerfree part of m and d is the part of d relatively prime to my.

We show in Section 2.2 that this can be rewritten in terms of L-functions
L(s, Xm
Zi(ssw)= > L0 Xoma) .y (2.5)

where the P(s;m) are finite Euler products defined in Proposition 2.2.1.

10



The second multiple Dirichlet series is built from Gauss sums. See Section 2.2 for

the precise definition of the Gauss sum g(r, €, x,,). Then

A

n g(la@Xmo) )_Cmo(d)b(dﬂ”)
7 = —— 41 2.6
5(s,w) = Co(nw 5+ ) E o] il (2.6)

d,mGOmon
where mj, is the squarefree part of the n'® powerfree part of m.
We can now state the main theorems of this chapter. The first describes a set of

functional equations relating Z; and Z,. Specifically, define

A,

2 : Xm (d)a(da m)

Zl(37w;5i) = Tm|w|d|5
d,meomcn

deg m=1 (mod n)

and

Z 9(17€7Xm0) Xmo(dA)b(dﬁ m)

| | m|*|d]?

Zo(s,w; 8;) = Co(nw — g +1)

d7meomon
deg m=i (mod n)

Theorem 2.1.1. We have the functional equation

q25_1 1—?§75122<1_5’w+3_%;50) fori:o

Z1(s,w;0;) = L
1 ) {QQS_IQI/z_SL\;;Z2(1_S>w+S_%;5i) for0 <i<n.

The finite field Gauss sum 7(€') is defined in equation (1.2).

This is proved in Section 2.4.

The second main theorem is the following:

Theorem 2.1.2. The double Dirichlet series Z, and Z, are rational functions of v = q~°
and y = q~*. Explicitly,

1 — ¢*zy

D) = T = ) — gy

2.7)

and

1— q3n/2xn71yn + Z;;l (T(Ei)qz’fl+i/2$iflyi _ T(Ei)q3i/2xiyi)
Zsy(s,w) = . (2.8)
(1= qa)(1 — g2 1y) (1 — ¢?/2arym)

11



This theorem is proved in Section 2.6.

When we have need outside of this chapter, we will refer to the series Z; and Z as

Zi1.rur and Z, gy, respectively. Likewise, their local parts will be denoted as Hy gy,

and Hj ppr. Outside of this chapter, we reserve the notation Z, for the Weyl group

multiple Dirichlet series associated with the root system A,..

Finally we point out a curious connection between the series Z; of Theorem 2.1.2 and

their p-parts. Define the following generating series H; constructed from the respective

p-parts of Z; and Z5:

H\(X,Y) = a(p/,p")X’Y*, and

J,k=>0

Hy(X,Y) = (1= [p|"* 7' y™) ™ Y b(p/,
J:k>0 |pf|

—;ﬁﬂXWﬂ
where X = |p|~® and Y = |p|~*. We will prove

1-XY
(1—Xﬂ1— V)1 = [plr Xy’

H(X)Y)=

|p|n/2 Ly (n— 1yn+zn 1g16an)X(ifl)Yi|p|(i*1)/2(1

Hy(X,Y) = v/l

2.9)

— X)

(1= X)(1 = [p"* 'Y m)(1 — [p["/* XY™

Note that the substitutions

X — gz,
Y — qy,

bl = 1/q. and

g(L, €, p)//Ipl = () /g forl<i<r

(2.10)

2.11)

transform H; into Z; for « = 1,2. This is one manifestation of the general variable

transformations given in equation (1.3).

12



2.2 Gauss sums and L-Functions

In this section we will define the Gauss sums and L-functions that are the constituents
of our double Dirichlet series. We will mostly follow the notation of Patterson [Pat 2]
but with some adjustments to facilitate comparison with [FHLO02].

We now define a more general Gauss sum than the one found in the introduction in
equation (1.1). For any ¢ € O, we will use ¢, to indicate the n'"-power free part of c
and ¢, for the squarefree part of ¢q. For r, ¢ € O we define the Gauss sum

Y Ty
o= 3 () ()
We also need the Gauss sums associated to the finite field IF,. These are defined by
(€)= e (j ) e ().
J€F,
We define the L-function associated to ., by
L(s,xm) = Y Xm(d)|d|™". (2.12)
d€Omon
When m is n'"-power free, the L-function satisfies a functional equation that we will
describe now. Denote the conductor of the character ., by cond Y,,,. Thus
cond x| = {|mb| deg m = 0(n)
qlmy|  degm # 0(n).

Then the completed L-function

L¥(s, Xm) = § 71 (5:)m) degm = 0(n) (2.13)
L(5, Xm) deg m # 0(n).
satisfies the functional equation
* 1 m
L (5, xm) = 0% eond o2+ L 0Xm) pey w14

cond y,u|1/2

13



where
* g<1767Xm> deg m = 0 (mod n)
g<17€7Xm): i .
7(€)g(1, €, xm) degm =i # 0 (mod n).

From the functional equation, we see that (s, x,,) is a polynomial in ¢—* whose degree
is one less than the degree of my,, if m is not a perfect n*® power. If m = 1, we recover

the zeta function

1
Co(s) = > ld—° = T (2.15)

d€Omon

Expanding the components at infinity, we have the following functional equations

when m is n't-power free, deg m = i (mod n):

(2.16)

o= {E e
> gqlmy|)/? S%gfn{bﬁ%)L(l — 8 Xm) O0<i<n.
This functional equation will be used in Section 2.4 to relate Z; and Zs.
We now introduce a modified L-function related to (2.12) by inserting the weighting
factor a(d, m). Define

. mo(d)a(d, m
deo'mon

where d is the part of d relatively prime to mg. Since the weighting function is multi-

plicative, L(s, X, ) is an Euler product,

o 02 2
Lis,tm) = [] 1+ XWO(T)Tfp’m) + Xm0<p|>|i§p LN,
peomon p p
irreducible

Further, since a(d, m) = 1 when d and m are coprime, this Euler product agrees with
the original L-function Euler product for all but finitely many places.

We will relate this modified L-function L(s, X,,) to L(s, Xm,) and derive a bound
on its degree as a polynomial in ¢~*, as long as m is not a perfect n*®-power. These

properties are given in the following proposition:

14



Proposition 2.2.1. We have
L(s, Xm) = L($, Xmo ) P(s;m),

where P(s;m) =[], Py(s;m) and Py(s;m) =

na—1

(1= Xmo (P)IpI”° ZX"“’ Hks B L

Z

k=

na+z p .
) if p'||mo and i # 0.

Here o and i are the unique integers with 0 < i < n and p"**||m. In particular, for m
not a perfect n'® power, the degree of L(s, {m) as a polynomial in q~* is less than the

degree of m.

Proof. Begin with the Euler product

| pypiaciiite

o o Ipl
S < oy
el k=0 |p| P10+ | k=0

0<i<n

For primes p with i = O—that is p { m and p™“||m, say— it follows from (2.2) that the

tails of the sum are a geometric series with common ratio x,,,(p)|p| °. Thus for such p

the p-part is
na—1 k na wk —nas —1a
Xmo (P%)a(p™,p"%)  [p[™"""[p| —oy -1
s + 5 1_Xm0(p>|p| P(‘S)m)’
kz:; Ip|* 1 = Xy (p) Ip| ( )5
where
na—1
Z Xrmo P SL8) (1= Xmo (0101 ~°) + [p 7" [p] "V (2.18)

For primes such that p’| |m0 with 0 < i < n, it follows from (2.2) that a(p"** p¥) =

0 for £ > na, so the p-part is a finite sum

no

na+i k

k
= Ip[”

15



Thus
L<S7 )A(m) = L(87 Xmo)P(S; TTL)

as claimed. The bound on the degree of L(s, x,,) follows from the bound on the degree

of L(s, Xm,) for mp # 1 and the degrees of the P,(s;m). O

2.3 Functional Equation: A, — H,

Recall that the generating series Hy(X,Y') and Ho(X,Y) of (2.9) define the p-parts of
7y and Z,, respectively. We describe the functional equations relating H,(X,Y") and
Hy(X,Y). These will be used to prove the global functional equation relating Z; to Z.

The functional equations are a direct consequence of the following proposition:

Proposition 2.3.1. The generating series H1(X,Y) and Ho(X,Y') are rational func-

tions of X and Y. Explicitly,

1- XY
H(X.Y) = 2.19
XY = 0 v e x (=
and
|p‘”/2 1y (n— 1)Yn+zn 191\;|_>|CP)X(1 l)Yz‘p|(Z_1)/2(1_X)
H2(X7 Y) =

(1= X) (1 — [p|"* 'Y m)(1 — [p["* XY™
(2.20)

Proof. Equation (2.19) is obvious from the definition (2.2) of the a(p*, p'). The evalu-

ation of Ho(X,Y") is simply a matter of recognizing geometric series. From the defini-

16



tions of b(p/, p*) in (2.3) and H, in (2.9), we have

1— [p[™*> 'y A (L€ X0) yjy0
p
7=0 |pb

(1, 6, Xpna)

+ [pI"/* ! (fp] — 1) FA S xIy e
3 VI

a=1 j=na

1 Ygxe%
+Z na/2 19(1, €, Xp )Xna—lyna

VIpy
oo n—1

na+i—1 29(1 € X ”aJ”) no+i— na+1i
o3 S e,
a=0 i=1 b

Evaluating the geometric series yields
1 [Pl (| = XY™
1=X 7 (=X [p""xy)

/21 <rr_ oq 9LExp) 11 (=1)/2 yri- 1y

I |p|n/2XnYn i=1 (1 - |p|n/2XnYn)

(1= |p"* 'Y Hy(X,Y) =

(2.21)
Equation (2.20) follows by rewriting equation (2.21). [
For 0 < i < n, define
Hi(X,Y;6) = ) a(p’,p")X7YF,
J,k>0
k=i(n)
2-1 g(1, €, Xpr) iN v i 222)
Hy(X,Y;6;) = (1—[p["*"ym) ! Z b(p’, p —p_p’“(ﬁj)XJYk-
kaTO \/ |]3b |

We have shown in Proposition 2.3.1 that H; and H, are both rational functions in |p|~

and |p|~" and it is clear from this proposition that
1-xy™" =0

. 1—X)(1—Y")(1—|p|*Lxnyn 1 =
H(X,Y;6;) = {( AR ) i %0 (2.23)
(1=X)(1=Y™)(1—[p|" " XY™) ’
and
1—[p|"/27 X (- Dy i=0
1=X)(—[p|"*7 Yy m)(1—[p|"/2Xnym) T T
Hy(X,Y;0;) = 9L xp) (1= 1) yi | (= 1)/2(1_ X) (2.24)

/el i 20,

(1=X)(1=[p|" 2y ™) (1= [p|"/2X Y ™)

17



The following theorem establishes a functional equation relating H; to H:

Theorem 2.3.2. We have the functional equation

L~ g (p=(1=9), p—(w+s—1/2). _
o Ha2(p P ) =0
Hy(p™®,p " 0;) = 1\7% 1y
A2 H (pm () prwts 125 0 < <.
Proof. The proof is by a direct computation using Equations (2.23) and (2.24). [

2.4 Functional Equation: 7/, — 7,

There is a set of functional equations relating Z; and Z,. These will be described in this

section. Define
P(1 —s;m)
(m/mb)s—lﬁ'

Q(s;m) = (2.25)

With the expansion of P as an Euler product, we see that () is also an Euler product

supported in the primes dividing m:

1 1

Q(S; m) - H WT/Q)Pp(l =5 m) x H |p|(na+i—1)(s—1/2) Pp(l I m)
prett|m prett||m
=0 0<i<n

Proposition 2.4.1. Define

9(17 67 Xmo) L(87 XmO)Q(S’ m).

!
Za(s,w) = || |m|w

We have Z\ = Zs.

Proof. Define

_ 0o .k .
(1—p=)~" k=0 Q;iﬁw L i=0

Hl —s —w, 57, — €t 0o g:pnkt+i .
2P p " 00) 9(1\’/|v?>|<p_) k:oQ(,ﬁ—kzﬂ 0<i<n.

Then Hj(p~*,p~%) = S0 Hy(p~=,p~;d;) is the p-part of Z5. We will show that

(2.26)

H! and H, both satisfy the functional equations with H; shown in Theorem 2.3.2 and
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therefore H), = H,. The result follows since, for fixed m, the L-functions, P, and )
each have Euler products.

As a result of the definition in equation (2.25), the p-parts of () and P satisfy

‘ na(l/2—s) _ g - pho ) —
P(s;proti) = P , Q1 = 5:p™) . i=0
’ preti=DU2=5) (1 — s5;pmot?) 0 < i< n.

Therefore, we relate H; to H), by

e o0 PS, nk
Hy (=, ps80) =(1 — [p| %) 3 D)
= Ipl
o ) Q ]_—S,pnk pnk(l/Qfs)
(1Y Qs
— p|
o1 = Q1 — s p™)
=L =10 ) e
o bl

H! (p—(l—s)7 p—(w+s—1/2) 50)

T (a—s 12 ;
This is exactly the functional equation satisfied by Hs in Theorem 2.3.2. A similar

computation shows that

—5 - VIp| s—1/2 —(1—5) - (ws—
H s) w;di _ : H (1 s)’ (w+s 1/2);(51'
1<p p ) g(17617Xp)‘p| 2(p p )

for 0 < i < n. Thus Hy(X,Y;6;) = Ho(X,Y;9;) forall 0 < 4 < n and this completes

the proof. [

For 0 < ¢ < n, define

L(s, Xm,)P(s;m
poiy -y, Hoamiptem
mGOmon
deg m=i (mod n)

and

Z 9(1767Xmo) L(vamo)Q(S;m)'

ZQ<87 w; 62) =
|| [m*

mEOmon
deg m=1i (mod n)
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Theorem 2.4.2. We have the functional equation

. . q2511q +Z5(1 —s,w+ s — ;) fori =0
S, W;0;) = 7(e )
1 e 1q1/2s\(/6)Z(1_3’w+3_%;5i) for0 <i<n.

Proof. This is a direct computation utilizing the functional equation (2.16) for L(s, X, )-

]

2.5 Convolutions

We define a convolution operation % on rational functions in x and y with power series
expansions around the origin. For

Az,y) = 3 a(.k)ady® and Blr,y) = 3 b(j, k)aly",

J,k>0 7,k>0

define
(A* B)( Z a(j, k aiyk.

7,k>0

We can compute convolutions as the double integral

(Ax B)(z, (27”) // u,v)B(= )d“dv, (2.27)

where each integral is a counterclockwise circuit of a small circle in the complex plane.

(The circle must be small enough that A(x, ) is holomorphic for z, y inside the circle.)

We will utilize the residue theorem to compute this contour integral.

2.6 Evaluation of Z; and 2,

We will now prove Theorem 2.1.2. We first establish the identity (2.7); then (2.8) will
follow from the functional equation (2.1.1). It follows from Proposition 2.2.1 that

> Xmo(d)a(d,m) =0 (2.28)

dEOmon
deg d=k
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when deg m < k unless m is a perfect n'® power. To prove (2.7) of Theorem 2.1.2, we

begin by writing

Z1(s,w) = Zy(s,w) + Za(w, s) — Zp(s,w) (2.29)
where
Za(57w> = Z q]w ks Z Xmo )
k>35>0 d;m€Omon
deg m=j
deg d=k
and
Z(ssw) =3 o DL D Xmo(dald,m).
k’>0 q q mGOmon deomon

deg m=j degd=k
First, note that

D D Xmdaldm)= ) > xa(i)a(m.d).

mEOmon A€Omon MmEOmon A€EOmon
deg m=j degd=k deg m=j degd=k

When m and d are coprime, the reciprocity law (2.1) guarantees that X, (d) = ya, (7).

Otherwise, when m and d are not coprime, X, (d) # Xa, (1) only when there exists a

prime p such that p|dy and p|mg. In this case a(d, m) = 0. The symmetry a(d, m) =

a(m, d) is obvious. This establishes the validity of the decomposition (2.29) of Z;.
Now the key observation is that because of equation (2.28), we have

Ziw =Y Y Y

k>35>0 meomon d€Omon
deg m=j degd=k
mo=1

q]w ks

and

Zp(s,w) = Z

k>0

2. 2«

MEOmon d€EOmon
deg m=~k deg d=k
mo=1

qkqus

that is, the inner sum vanishes unless m is a perfect n'"-power. This leads us to consider

the series

-X 3y |m\ Id!

MEOmon AEOmon
mo=1
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which has an Euler product

H Z p] nk
. 5 |p|”’“!p\f
1 L[|
- (L= [pl7) (1 = [p[) (1 — [p| (= mmsmre)
_ ()¢ (nw)¢(ns + nw — (n — 1))
C(s + nw) (2.30)
B 1— qlfsfnw
(]_ _ q1—5>(1 _ ql—nw)(l _ qn—ns—nw)
_ 1 — quy”
(I —qz)(1 —qy™)(1 — qra™y™)
:Ta(xv )7
withe =q¢ %,y =q"
It is clear that
Zo(s,w) = (T, x K,)(x,y) (2.31)
where
~ 1
K, (x,y) =
9 = Ty T = ay)
j=k>0

Compute the convolution in (2.31) by means of the integral in equation (2.27) which we

can evaluate using the residue theorem. We find

1
(1 —gvtiaryn)(1 — qx)’

Za(s,w) = (2.32)

We can compute 7, similarly: let Ky (z,y) = Tz Then

Zy(s,w) = (T, * Kb)(xv Y)
X (2.33)
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Putting this all together,

1 1
+
(1 —gtanym)(1 —qx) (1 — g Hany™)(1 — qy)
1

1 _ qn—&—lxnyn
l—qy+1—qr—(1—qy)(l—qz)

(1 —gtizny™)(1 —qz)(1 — qy)

1 — ¢’zy

(1 —qgmtany™)(1 —qz)(1 — qu)

This establishes (2.7).

Z1(s,w) =

(2.34)

With the rational function for Z; (s, w), we can use the functional equations relating
Z1(s,w; 9;) and Zs (s, w; ;) for 0 < i < n to evaluate Z5(s, w). Expanding the geomet-

ric series ﬁ and collecting terms with the exponent on y congruent to ¢ (mod n), we

arrive at
g Dy i=0
1— 1 1 n+1 n n -
Zy(s,w; ;) = { (179 o %wg vy 0z
(I—q2)(1—q"y™)(1— qﬂﬂxﬂyﬂ) L=

Using the functional equations relating Z; (s, w, ¢;) and Z(1 —s,w + s — £, ;) and

remembering that (

Laswi) =40 g Al —swts—g0)  i=0
2\o, W, U q2s 1q1/28\(/§)Z(1_S’w+S ;750 0<i<n.

With this in hand, Z, is

1—q° — 1
qQS_ll_—jlel(l s, w+s—— o) +; e \(/(_1)21(1—8 w+s—§ ;04).
(2.35)

When simplified, equation (2.35) is the rational function for Z; given in Theorem 2.1.2.
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Chapter 3

Uniqueness of Local Factors

an axiom and acorn;
both humble brothers
give tender shade for weary bones

3.1 Introduction

Prior to attacking our ultimate goal of proving a statement about an (r — 2)-fold residue
of the Weyl group multiple Dirichlet series associated to the the root system of type A,
built from 7" order Gauss sums, we must describe the local part of this series associated
to the prime p. The global series is then built from these local pieces by a twisted
multiplicativity described in Chapter 1. The goal of the current chapter is to derive
this p-part from a set of functional equations. Philosophically, this follows the methods
of Chinta and Gunnells in [CGO7, CGa] and, with Friedberg, [CFGOS8]. This method
stands in contrast to the earlier combinatorial description given by Brubaker, Bump,
Chinta, Friedberg, and Hoffstein in [BBCT06, BBF06]. We briefly describe these two
approaches here focusing on the so-called stable case, which is our main interest in this
dissertation. For root systems of type A,., the series falls into the stable case precisely
when it is constructed from n'" order Gauss sums when n > r. Our principal interest is
when n = r.

The original description given by Brubaker et al. gives the stable coefficients of the

24



numerator of p-part in the following way. Fix a decomposition of the root system ® =
A, into positive and negative roots, ® = T UP ", let oy, . .., . be the simple roots and
let W be the Weyl group generated by reflections taking a; to —q;. Let p = % Y acpt O
A point (ky,...,k,) € Z" is called stable if w € W and p — wp = > ._, kjc;. The
stable points form the vertices of a convex polytope called the permutahedron attached

to ®. In the stable case, the coefficients of the numerator have the following properties:

1. the coefficient associated to stable vertex (k1, ..., k,) is a product of [(w) Gauss

sums of order n where [(w) is the length of w,
2. all other coefficients are 0, and

3. therefore, there are || non-zero coefficients.

The method of Chinta and Gunnells starts from an axiomatic description of the p-
part by giving a functional equation that the p-part must satisfy. This functional equation
originates from work of Hoffstein in [Hof 1] and is applied to the p-parts by performing
the variable changes of equation (1.3) in reverse. Chinta and Gunnells construct the

p-part by performing a sum over the Weyl group

H) = 3 3 (1)) a1

where A(wx) is a normalizing factor and (1|w) is the rational function action described

in equation (3.16), which incorporates the functional equation.

In theory, all of the coefficients can be found by solving a linear system that we de-
rive in this chapter. However, this linear system has so many variables that it is unlikely
to be efficient computationally without further refinement. The advantage is that the
development here is elementary, although the functional equation may appear unmoti-
vated initially. Both of these methods of constructing the global series utilize the twisted

multiplicativity described in equation (1.7).
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In [BBF06] and [Hof 1], the poles of the series Zﬁ") are established in a very general
context. The denominator D(x) which we define now reflects this understanding:
Dx)= ] (@ —pxm). (3.2)
acdt
In order to state the next theorem, we introduce a notation which we use in Theorem

3.1.1 and in Chapter 4. Let

rr T T
T )
© {2’2 ’ ’24_7 2

then we can think of elements of the symmetric group w € S, as bijective functions
w: O — 6. We write w; = w(i).

Our technique proceeds as follows. Instead of summing over the Weyl group as in
[CGa], we derive the coefficients explicitly in the stable case for root systems of type
A,.. This results in an explicit description that matches that of [BBCT06]. We also see
that this p-part is unique up to a constant. Thus, the rational function we derive here
is forced to match the p-part found by Chinta and Gunnells, and we have the following

theorem:

Theorem 3.1.1. Let W be the Weyl group of the root system A,, that is W is the sym-
metric group S,.1. The p-part of the Weyl group multiple Dirichlet series Zﬁn) de-
scribed in [BBCt06] matches that of [CGa]. Letting x be the vector (z1,...,x,) =

(||~ ..., |p|”""), this p-part has the following form

2 wew Glw;p)x? ™"

(n) _
H (%) D(x) (3.3)
where
G(w;p) = [ g™ e, p ™). (3.4)
i<j
wi<wj
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We will prove this in Section 3.4 as a result of Theorems 3.4.4 and 3.4.5.

In the rational function field case, the global Weyl group multiple Dirichlet series
turns out to be a rational function. Since the functional equation described in this chapter
is related to the functional equation of the global series given in [BBCT06] by the vari-
able changes of equation (1.3), we can deduce that global Weyl group multiple Dirichlet

series matches the form of the p-part.

3.2 A, Weyl Group

In general, Weyl group multiple Dirichlet series have a group of functional equations
isomorphic to the Weyl group of a root system. A classical example of this is the Rie-
mann zeta function, which has a group of functional equations of order 2. This group is
isomorphic to the Weyl group of the A; root system. This section collects the necessary
background definitions and some minor technical lemmas about root systems. For the
most part, we specialize the definitions and results of this section to the root system A,.
For a more general development we refer to [CGa], where the notation is similar.

In general, a root system ¢ of rank r has a basis of r simple roots {«;};_; which
are vectors in Euclidean space. The Weyl group W of @ is the group generated by the
simple reflections {o;}}_,, where o; reflects a; across the hyperplane perpendicular to
a sending «; to —a;. The root system @ is composed of the image of the simple roots
under the action of W.

If & = A,, the r simple roots have the following arrangement in Euclidean space.
The angle between «; and «; is %’r if |i — j| = 1; otherwise ; and «; are orthogonal
if ¢ — j| > 1. We say that a; and «; are adjacent if |i — j| = 1 and write ¢ ~ j. The

standard realization of ® in R"*! is given by setting

Q = € — €iyt1, 3.5
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where ¢; is the i*" standard basis vector. The reflection o; acts on R"*! by swapping the
i and (7 + 1)* entry. This is precisely the permutation representation of the symmetric
group S,;1 on R so that the Weyl group for A, is isomorphic to S, ;. This will be
very important here and in Chapter 4.

It is customary to write ¢ as the disjoint union of positive and negative roots ¢ =
®* U &, where T contains the r simple roots and ®* and &~ are separated by a
hyperplane. The element p appears frequently in this work, and is one-half the sum of

the positive roots. Explicitly, for ® = A,., we have

T r T r
—(s,=— 1, —=41,—2).
p (272 ) Y 2+7 2)

As an alternative to linear combinations of the simple roots «; defined in equation
(3.5), we often work in terms of the root lattice A; the free abelian group generated by
® in R"*!. An element 5 € A is this a sum Y ;_, S, where 3; € Z. We define
d(3) = > i, Biand di(B) = >_,; B;- In addition, we say that 3 = 0 if 3; > 0 for all
1<i<r,andfor B,y € A, B =~if 3 —~ > 0.

In the rest of this section we record several actions of W on the root lattice A. The
generators o; € W satisfy

1 i=j
(030;)" ) = ¢, where 7(i,j) = {3 i~ (3.6)
2 otherwise.

The standard reflection action of the Weyl group acts by

—Oéj 9, = ]
oty = o + Q; 7~ ] (37)
o otherwise.

Equation (3.7) implies that for 5 € A we have 0,5 = ', where

/ ﬁj ]7&3
= 3.8
£ {dm)—@ j=i. G9
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In the context of multiple Dirichlet series it is natural to define a shifted reflection

defined by

0i-3=p—oip— D). 3.9)
By explicit computation, one can verify that w - v - v = (wv) - 7 for all w,v € W and
~v € A. This shows that this action of the simple reflections extends to an action of the

Weyl group W. On the root lattice A, this action takes the form o; - 5 = ' where

b= {W) — G+l j=i. 10

Observe that p—w-p = wp showing that the convex hull of the orbit ¥'-0 is identical

in size and shape to the orbit 1/ p. We utilize this to show the following lemma, which

will be useful in the following sections:

Lemma 3.2.1. The intersection of any line parallel to a simple root and passing through
any vertex of W - 0 with the solid convex hull of W - 0 has length at most r times the

Euclidean length of any simple root.

Proof. As we have stated the image of p under the natural reflection action of W is

exactly the image W - 0 translated by p. The reflection action of W acts on

_Jror—1 -r—1 —r
p_ 27 2 )ttt 2 72

by permutations and is generated by transpositions. We observe that any two elements

—r

1 T
of p have a difference no greater than § — =5

r. For any element w € W, the length
owp —wp < r|ay|. The vertices o;wp and wp form the end-points of the intersection

with the solid convex hull of W p of a line parallel to a simple root. [

Let m;(3) denote the coefficient of «; in o; - 3 — 3. One can compute that m;(3) =

d;(8) — 20; + 1. Define y1;(3) € Z and ¢;(3) € Z such that

mi(F) = G(P)n + pi(F), 0 < pa(B) < n.
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Proposition 3.2.2. The action of o; on A defined by

Bi JFi

Bi+6(B)n j=i G-AD

ai*ﬁzﬁ/whereﬁ;:{

is an involution.

Proof. ltis clear that o; x (0; % 3) only differs from 3 in the i" entry. The i*® entry of

oix (0, % () is

n

n n

@+VM—m+ww+mm—4mﬂw%wﬂ@+l

:#%+{@W)—m%+1Jn+{@W)—mz+1_2L¢W)—mz+{Hn

n n n

Since |z] + | — 2|z || = 0 for all z € R, the final expression above equals ;. O

Remark 3.2.3. It can be shown that the action defined in equation (3.11) is an action

of the Weyl group, but it is not necessary in this dissertation.

3.3 An Action on Laurent Series

Let A = C[A] be the ring of Laurent polynomials on the lattice A. Hence A consists of
all expressions of the form f =}, \ cgx”, where c¢g € C and almost all are zero, and
the multiplication of monomials is defined by addition in A: z°2* = 2%, Given f, the

set of {3|cg # 0} is called the support of f and denoted by Supp f. We identify A with

Cloy, 27t ...z, 2 Y] via 2% > 1y
Let x = (1,...,x,). First, we define an action on x by
z; j—i >1
o;x =X where x; = ¢ prjz; |j—i[=1 (3.12)
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Again, this action of o; extends to be an action of W on vectors x. It is clear that
0,0;%x = 0;0;x when |i — j| > 2. The rest of the requirements are seen by computing

the following items:
1. Compute the 7,¢ + 1,7 4+ 2 components of 0;0,x and o;0,x when ¢ + 2 = j.

2. For 1 < i < r, compute the 7+ — 1,%,7 + 1 components of 0;0,x. For i = 1 and

1 = r, note that nothing fundamentally changes.

3. Forl <i<r—1,computethei—1,7,7+ 1,7 + 2 components of 0;0,,10;x and
compare to 0,110;0;41X. For i = 1 and ¢« = r — 1 perform the same comparison

omitting the i — 1% and 7 + 2! component respectively.

Now let A’ C A be the sublattice generated by the set {na},ce. A direct computa-
tion with Cartan matrices shows that W takes A into itself. Let A be the field of fractions

of A. We have the decomposition

A= @ A (3.13)
AEA/A

where A, consists of the functions f/g(f,g € A) such that Supp g lies in the kernel of
the map v : A — A/A, and v maps Supp f to A.

Define the normalized Gauss sum

RO g(1, €, if i # 0 mod n
g (1,6, p) = S EPI/Ipl il E0 (3.14)
-1 otherwise.
Finally, we define a 1/ -action on A. Let
1— L1
Psa(x) = (|plz)' P and
L= o™ (3.15)

1 — [p[ 2"

Qﬂ,z(x) = _g*(l’G_Mi(ﬁ)’p)(|p|x)1_n n—1_,"
L—[p[" 2
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Define Ag C A as the collection of rational functions in A such that each monomial

cyX” has v = f mod n. Then W acts on f € Ag by

(floi)(x) = Psi(x:) f(0ix) + Qo,.pi(2i) f(0:%) (3.16)
and the action extends to all of A by linearity.

Lemma 3.3.1. The action of W = (04, ...,0,) on A described in equation (3.16) sat-

isfies the relations (3.6) so that equation (3.16) defines an action of W on A.

Proof. The main work of the proof is to establish certain rational function relations
between the P and () with various inputs when the action is applied to a monomial
f(x) = x?. This is carried out in detail with the help of tables that were constructed by
computer. That this extends linearly to the entire space A is made clear by the careful
definition of the space A.

To complete these rational function verifications the only Gauss sum identity re-
quired is that

1 nli

g (L e, p)g" (1 e p) =3 | .
o 1.
In the tables in the figures below, we have simplified the notation by letting g =
g*(1,€',p) and p = |p|. We have also written (4),, to denote the remainder of ¢ when
dividing by n such 0 < (7),, < n.
Let f € Fj, then we can see that ((f|o;)|o;) = f using the table in Figure 3.1. Each
line of the table represents a product with two factors selected from P and () that arise

when applying o; twice in succession. We want to show that the sum of the products of

each row is exactly 1. In the case that y;(3) # 0, we can see that

Psi(x;)Psi(0i2;) + Qp.i(x:)Qo,.5.i(0ix;) = 1, and

Py, 5,i(2:)Q0,.5,i(0i7:) + Qo,.5,i(2:) Ppi(oi;) = 0.
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g; 0;
1 Psi(z;) = Psi(ox;) =
(pae)1=maO)n (1-1) (P =i (1-1)
T—pn 1z 11
2 Popilai) = Qo,.p,i(0i;) =
()~ (1-1) o (1)
L—pr—ta} G Lp" ()" (3.17)
3 Qoy-5,i(T:i) = Ps (o) =
. () (1-pray) ()i (1-7)
TIp(p) T 1prar 1)
4 o2.5:(Ti) = Qo,-5.i(0iTi) =
L () |, @ (1)
9 1—pn—liz? “9u:(8) l—pnfl(p%xi)"

Figure 3.1: P, () computations for verifying involutions

Alternatively, if 1;(3) = 0 we can verify that the sum of the products represented in

each row is 1, but it is necessary to take all four rows together.
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To show that the braid relation is satisfied, we need to show that f|o,0;0; = f|o;o,0;
for f € Fj. Figures 3.2 and 3.3 give the details about the rational functions involved
in this verification. One can verify that the following conditioned identities hold. We
suppress the subscripts on P and (), but note that the products on the left hand side of
the equal sign come from Figure 3.2 and the products on the right hand side come from

Figure 3.3. Independent of 1;(/3) and 1,(3), we have
P(Jiz)P(UzJIZ)P(UZU]I@) = P(%i)P(O'jJIi)P(O'jO'iIZ'),
Q(z:)Q(0:2:)Q(0i0j2;) = Q(2:)Q(0;2:)Q(0j0:w;),
P(2:)Q(0:1;)Q(0i0;2;) = Q(2;)Q(0j2:) P(0;0:1;),
Q(%)Q(%‘%)P(Uz‘aﬁi) = P(%)Q(%%)Q(Uﬂi%)-

I£ 1:(9) = p15(8) = 0. then

Q(%)P(UMDQ(@UJ'%) = Q(xi)P(iji)Q(UjgifEi),

P(z;)Q(oix;) P(oiojxi) = P(x;)Q(0jx:) P(0j0:%;),
P(z;)P(oiw;)Q(0i0j7;) + Q(x;) P(ox;) P(osoja;) =

P(x;)P(0jr;)Q(0j0::) + Q) P(ojr:) P(ojoix;).
Otherwise
P(x;)P(0,x:)Q(0i0x;) + Q(x;) P(0yx;) P(0y0,x:) + Q(;) P(02:)Q(0i05x;) =

P(x;)Q(ox:)P(oio;2;) + Q(x;) Poz;)Q(0052;), and
and
P(x;)Q(0ix;) P(0oi051;) + Q(x;) P(oyx;)Q(0i051;) =
P(xi)P(Uz‘sz‘)Q(Uz‘Uﬂi) +Q($i)P(Uz‘$z‘)P(UinIi) +Q(ﬂ7z‘)P(Uz‘$i)Q(Uz‘Uﬂz‘)-
]
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3.4 Invariant Rational Functions

We now examine the rational functions with the denominator D(x) defined in equation

(3.2) that are invariant under the action of equation (3.16). We will develop a linear

system that the coefficients of the numerator N (x) must satisfy if f(x) = Exi is to be
invariant. Let
N(x) =) cpx” (3.20)
BeA
B0

Substituting the expression for f(x) into equation (3.16), we will derive a related func-
tional equation that the numerator N (x) must satisfy. Observe that the action of o;

defined in equation (3.12) permutes the set
{pn|a|flxna ’ = q)Jr} U {pfn|ai|flenai} )

This implies that the factors of D(x) are permuted by o; with the exception of 1 —

p”'ai‘_lx”"‘i. To accommodate this, we define

) e (1)
Pgi(x) = (pr) ™" P 1 ,and (3.21)
Q) = —g+ (1, ) ) n|pr“+‘;‘:+<l LI
With this definition, we have
(Nloi)(x) = B ;(wi) N(0:x) + @, .5:(2:) N(0:%) (3.23)

Substituting N (x) into equation (3.23)

di(B8)—20: xOiB

" (1
Zng/B = Zcﬁqpui)kui(ﬁ) pn+1£n - \p|> b

1

n+1 n
(1 — n
- E :Cﬁg*(laE_M(Uiﬂ)vp)(|p|xi)1_n‘p‘ | |n+<1 |p’1 xl)pdi(ﬁ)—QﬁiXUzﬂ- (3.24)
p n
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Now, by equating coefficients of 2%, we arrive at a system of linear equations involving
the coefficients cg. To actually carry this out, we will rewrite equation (3.24) exhibiting

the actions defined in equation (3.10) and equation (3.11) on A:

Zcﬂlp\nﬂxmm" —cpx” =
o

_Z Cp (g (1 ¢ HiloiB )|p|mz (B)+1 xoiB _ g*(L ¢ Hi(9:-6) )|p’ml(6 V4n+1 X 54_”%) .
(3.25)

Finally, equation (3.25) exhibits six terms involving coefficients cg and we equate coef-
ficients of 2° by observing that the actions o;- and o;x are involutions. Thus, a linear

system for the coefficients cs is given by

n+1

—nt;(B)—n+1
‘p‘ CB—na; — €8 — Copxf+na; A

—nl;(B)—n

p| p|

‘—ml +1

+ Coixftna;
‘—mi(ﬂ)—n—s—l —0,
(3.26)

+Cdi-ﬂg*(17€ uilB )‘p CUiﬂJrnOéig*(laEiui(ﬂ%p)’p

where [ is any element of A.
This equation generalizes the equation (3.3) in [CFGOS8]. To compare the two equa-

tions specialize equation (3.26) by setting n = 2, replace |p| with ¢, and replace x; by

Ty

76.
Theorem 3.4.1. The support of the numerator N (X) is contained in the convex hull of

the vertices {p — wplw € W}.

Proof. The proof is computationally identical to that of Theorem 3.2 in [CFGO08], al-
though our assumptions here differ somewhat from [CFG08]. By assumption, we are
seeking N (x) to have no polar terms since we are only interested in invariant functions
with the given denominator D(x). Thus, we know that ¢z = 0if 5 3 0.

The proof in [CFGO08] proceeds along these lines. Inductively, over the length ¢(w)

of elements in the Weyl group, we can impose bounds on the support of N(x). The
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linear equation (3.26) does not eliminate solutions with larger support, but it does show
that such solutions would imply a infinite sequence of non-zero terms emanating from
the origin. Such a series would be a geometric series and imply that f(x) has additional

poles not accounted for in the denominator D(x). O

Chinta and Gunnells in [CGa] prove that there exists a rational function that is in-
variant under the functional equation described in equation (3.16). This implies that
the linear system in equation (3.26) is consistent and a solution exists. We show in the

following corollaries that such a solution is unique and derive precisely what it must be:

Corollary 3.4.2. For the stable case, the support of the numerator, N (x), is precisely

the vertices {p — wplw € W}.

Proof. We have shown in the proof of Theorem 3.4.1 that the terms associated to vertices
outside the convex hull of {p — wp|w € W} are 0.

Let 3 € A be such that /3 is not outside the convex hull of {p — wp|w € W} and
B ¢ {p— wplw € W}. Then, there exists w,v € W such that w - § = v - 5. Without

loss of generality assume that § = ¢;3. Then equation (3.26) applies and
—c5 —calpl T =0,

which implies that cg = 0. Since all ¢, with 7 in the same orbit of 3 are constant

multiples of cg, the proof is complete. [

Corollary 3.4.3. For any n and 3 € {w - 0|lw € W} such that o; - 3 = 3, we have
Corg = cag(1, e p)p~m AT, (3.27)

Proof. Due to the previous corollary, we only need to consider 5 such that § € {p —
wplw € W} and o, - 3 = (3. Substituting such a 3 into equation (3.26) gives the desired

result immediately.
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O]

We can expand this recursively and find an excellent computational method to com-
pute the stable coefficients. To compute all coefficients in the support of N(x) it is
sufficient to fix the normalization by setting ¢y = 1 and enumerate all elements w € W
in order of non-decreasing length. Then, every coefficient can be computed by the multi-
plication of a single new Gauss sum and power of |p| with an already known coefficient.

This is exactly the rational function given in equation 3.3.

Theorem 3.4.4. The rational function in equation 3.3 matches the p-part of the Weyl

group multiple Dirichlet series described in [BBCT06].

Proof. Near the end of Section 2 of [BBCT06], the coefficients are defined as

H(pk, ... ph) = || g(pd@=t pd@), (3.28)
aedT
w(o)eP™

It is clear that this definition has the same number of Gauss sums as the definition in

equation (3.27). They are, in fact, the same Gauss sums. If 5 = w - 0, then

mi(3) = d((p —wp) — (p — oywp)) = d(oswp — wp) = w; — w;.

Thus, the m;(3) measures the difference of the inverted values in the standard notation
for wp for the generator o;. This is exactly d(«) for the root o € & such that o;wa €

o, [l

Theorem 3.4.5. The rational function in equation 3.3 matches the p-part of the Weyl
group multiple Dirichlet series described in [CGa] in the case of the root system A,

stable case.

Proof. Chinta and Gunnells construct a rational function satisfying the functional equa-

tion. The previous corollaries explicitly compute the coefficients of the numerator of
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this rational function and show that such a rational function is unique. Thus, it is forced

to be the solution found in [CGa]. O

Together Theorems 3.4.4 and 3.4.5 prove Theorem 3.1.1.
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Chapter 4

Residues of Weyl Group Multiple
Dirichlet Series

o sum of Gauss!
you fugitive,
we’ll know you in thy properties

4.1 Introduction

(n)

We are now ready to fully define the Weyl group multiple Dirichlet series Z» ’ and state
our main result. Define
1.
ZW (51, 50) = Qs ..., 4.1)
(s1 )= 1 Z|Cl|sl|62|52...| [
where the sum is over all r-tuples (cy, . .., ¢,) with ¢;, 1 < i < r, monic polynomials in
IF,[t]. The product of normalizing zeta factors (2 is defined
Q<51; e Sr) = H (1 _ qn\a|*nzzr=1 kisi)fl’ (42)

acdt
where oo = 22:1 k;c; (thus k; = 0,1 for each 1 < i < r). The goal of this chapter and

this dissertation is to prove the following theorem:

Theorem 4.1.1. Given Z,(«T) defined in equation (4.1) and Z, pyr, Z2 rur defined in
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Chapter 2, we have

Res --- Res Zy)(xl,xz,_,,,xr) =
za—g (r+1)/7 Tr_1—q—(r+)/r
Z1 pup(qY ey, ¢ ) “3)
TS — g2 (1 — gr+2ay)
and
Res ---  Res ZU(zy,29,...,2,) =
zg—q~ (rtD/7 xr—q—(r+1)/7
7 1/2 (r+1)/r
o el g ) (4.4)
[Ties (1= g afah) (1 — ¢ **%ah)
where

YT
yr—2 H;:;(l — ¢it1)

Here P is a parabolic subgroup of W generated by the reflections about the hyperplanes

of r — 2 adjacent simple roots. The constant &, is precisely a multiresidue (of all r — 2

variables) of the Weyl group multiple Dirichlet series ZﬁZ)Q.

The proof of Theorem 4.1.1 involves showing that 7™ as defined in equation (4.1)
has a similar rational function form as H\™. Thus we state another result in terms of
the p-part which will prove in detail and Theorem 4.1.1 will be a simple corollary to the
Theorem 4.1.2.

In Chapter 3 we have established

ZwESr+1 G(w; p)Xp—wp
[Loco+ (1 — [p[rlei=tXe)”

We utilize this rational function to prove the following theorem:

H" (X, .., Xp) = (4.5)

Theorem 4.1.2. Given Hy) as defined above and H, 1, Hy ppy defined in Chapter
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2, we have

Res Res (HﬁT)Xl,..',Xr;p) -
X2—>|p\*1+% Xr—l—’\PrH%
H (r—l)/TX (r_l)/TXT
¢, — 1,FHL(|p’+'2 1 [Pl +,2) (4.6)
L2 (1 el 2xg) (1 o)
and
Res 1..- ReS IH,r(,r)<X177XT7p):
Xg—fp| T Xp—fp T
H27FHL(|p’1/2X2, |p|(7‘71)/7'X1)
C, - i1 2 , 4.7
1. (1 — Ip| X{Xg) (1 — Ip| X§)
where

_ ZwGP G(w’ p)
2 T (L —[p[)
Here P is a parabolic subgroup of W generated by the reflections about the hyperplanes

of r — 2 adjacent simple roots. The constant C, is precisely a multiresidue (of all r — 2

variables) of the p-part H 1@2

The majority of the work to prove Theorem 4.1.2 lies in analyzing the Gauss sums in
the numerator of H." (X1,...,X,;p). This is done in Section 4.2 where we will derive

certain properties of » . ., G(w;p) where P is a certain subgroup of W which we will

weP
describe later. The rest of the proof requires us to account for all the denominator factors
of H" (X1,...,X,;p) and recognize a polynomial factorization and is given in Section
4.3.

A natural question that arises is how the series Z; gy, and Zs ppr, can have a group
of functional equations of order 32 while the Z3 series associated with A3 has a group

of functional equations of order 48 (the order of the Weyl group is 24 and there is an

additional reflection since the roots «v; and a5 are indistinguishable). We would naturally
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expect the order of the smaller group to divide the order of the larger but 32 { 48. This
apparent paradox is explained in section 3 of [BB06] where Brubaker and Bump show
that the group of order 32 is really the subgroup of (indeed, isomorphic to) a wreath
product (Zy X Zy) x Sy where the Z, X Z, arises as the group of functional equations
satisfied by Z; pp1, by itself (or, by Zs ppp, by itself).

Recall that

1 ror T T
:—E = (=, ==1 ..., —+1,—=).
p 2 a (272 ) ) 2+7 2)

aedt

In what follows, we will identify elements w € W as permutations w : © — O where

T r T T T
{551 s+t -2b={l—iliczado<i<r}].
S) {22 2—|— 5 5 ili€Zand0<i<r

If w e W andi € O, then we write w; = w(7). In the previous chapter, we have
represented the action on the root system as a left action. Here, reflecting this new inter-
pretation of elements of S, ;, permutations will act on the right, meaning that function
composition is left to right. This choice is made to distinguish this from the Weyl group
action which acts by permuting the entries of vectors of  + 1 tuples.

We compute these residues on a linear translation of the sq, ..., s, that we describe

now. Define a translated version H of the local part j2e by

1 1
Ht, .. tp) = HO(s) — == s — L
T T

).

Let Y; = |p| " for 1 < i < r. The purpose of H* is that using it one can easily see the
factorization that will occur in the numerator when we compute the residues. We also

define a renormalized Gauss sum

g(pt e pl)

b = p|—D/7

and a product, ¥(w;p), over the Gauss sums appearing in the coefficient of x*~"* de-
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fined by
\I[(wap>: H ww]‘*wi'

i<j
w; <Wj

It is clear that if u,v € {1,2,...,r — 1} and v + v = 7, then ¥, ¢, = 1 and ¢, = —1.

With this notation, we have

B Zwesn+1 U(w; p)Yr—we
[Toco: (1 —plal=tye)

4.2 Gauss Sum Invariances over Weyl Group Cosets

This section contains two lemmas, which establish identities about inversions of ele-
ments of the symmetric group. With our choice of domain ©, we say there is an inver-
sion of i and j for w € W if i > j and w(i) < w(j). Thus, there are no inversions in w
if w(3) > w(5 —1) > --- > w(—5). Note that the products G'(w; p) and ¥(w; p) have
a factor for each inversion of w € W.

We will now motivate the techniques of this section by looking at the numerator of
H7}, the translated p-part of the Z, series. Let P = (05, 03) be the parabolic subgroup
of IV that fixes the elements 5 and —3. In terms of the root system, this subgroup is
generated by the reflections of the central » — 2 simple roots. There are 20 cosets of P,
Pr;;, which can be indexed by ¢, 7 € © and 7 # j. The function 7;; exchanges ¢ with
5 and j with —Z. These 20 cosets are arranged in Figure 4.1 in a way that suggests our
strategy.

We extend the definition of W for subset U C W by

V(Usp) =D W(wsp). (4.9)

wel

Typically U will be a coset of a parabolic subgroup such as P. With this definition, we
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(2,5, %,%, —2) | (2,%,%,%,—1)  (2,%,%,%,0)  (2,%,%,%1)

(L%, %, %, —2) | (L, %,x,%—1)  (1,%,%,%,0) (1, %, %, %, 2)
(0, %, %, %, —2) | (0,%,%,%,—1) (0,5, %, %, 1) | (0,%,%,%,2)
(=1, %, %, %, —2) (=1, %, %,%,0) (=1,%%,%,1) | (=1,%,*,%,2)

(=2, %, %,%, —1)  (=2,%,%,%,0) (=2,%,%,%,1) | (=2,%,%,%,2)

Figure 4.1: The cosets of the parabolic subgroup P for the series associated with A4

rewrite the numerator of equation (4.8)

D W(wip)YPT = W(Pryyip) YO, (4.10)
WESn+1 i,j;@
17

Evaluating the residue of Theorem 4.1.2 will involve specializing Y, = Y3 = ... =
Y,_1 = 1 and, thus, we are interested in the coefficients V(Pr;;; p) in
Z Z \Il(w;p>Yp_wp‘Y2:Y3:...:YT71:1 = Z \P(Pﬁij;P)iﬂr/Q_inH/Q- (4.11)

i,je@ wGPwij ’L‘,“]'GQ
i#] i#]

(i) = {z if [i] £

—i i i =

Define v € S,,11 by
(4.12)

N3 NS

Lemma 4.2.1. If w € S, 1, then V(w;p) = —V(w~;p).

Proof. Without loss of generality, we can assume that w™' (%) < w™'(—%) since v =
v If w (%) —w ' (4) = 1 the desired result is clear since the only Gauss sum
introduced by v is ¥, = —1.

Otherwise let ¢ be such that w™' (%) < i < w™'(—%). Each choice of 7 is associated

3
with a pair of Gauss sums in the product ¥ (w-~; p) that are not in the product ¥(w;p).

The product of these two Gauss sums is

wT/Q*’Linwif(fT/Q) = 19
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since /2 — w; + w; + r/2 = r. In this case ¥(w~;p) also includes 1, that does not
appear in W (w; p). Every extra Gauss sum in W (w-y; p) that does not appear in ¥ (w; p)
is accounted for in one of these ways.

Thus ¥ (w;p) = ¥, ¥(w~; p), which establishes the lemma. O

There are several immediate conclusions about the coefficients ¥ (P;;; p) in equa-
tion (4.11) that follow from this lemma. First, if {7, j}N{5, =5} = @, then V(Pm;;p) =
0 since {w, wy} C Pm;;. This shows that the coefficients corresponding to the six cosets
in the central square of Figure 4.1 are 0. Next, if [j| < 7 then Prr jv = Pr_: j and
V(Pr: jip) = —W(Pr_z ;;p). This shows that the coefficients represented in the left
column are negatives of the coefficients represented in the right column. Similarly, if
i| < %, then W(Pm;_r;p) = —W(Pm z;p). This shows that the coefficients repre-
sented in the top row are negations of the coefficients directly below them at the bottom.
Lastly, U(7z r;p) = —W(7_z r;p) showing that the top left coefficient is the negative
of the bottom right coefficient.

To finish the proof, we need to show that the coefficients represented in the left
column and top row are all equal. In other words, we must show that \I/(Pm»,_% ;p) and

V(P ;;p) are independent of 7 and j. That is the goal of the next lemma.

Define permutations 7 and 7 by

5 ifi=—5+1 5 ifi=3%
7(i) = —5 ifi=—% and n(i) = —5 ifi=5-1 (4.13)
i — 1 otherwise, 1+ 1 otherwise.

Lemma 4.2.2. If w € S,11 and —75 is fixed by w, then G(wt;p) = G(w;p).

Analogously, if w € S,41 and 3 is fixed by w, then G(wn; p) = G(w; p).

Proof. The two statements are equivalent by the symmetry of the definitions. We pro-

vide details for the first.
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The inversions represented in the product G:(w; p) that do not involve —7 + 1 are

preserved in G(wr;p). For each i with 0 < i < [5%], consider the pair 5 — ¢ and
—5+2+1i. We will show that inversions are introduced in canceling pairs in transforming
G(w;p) to G(wT;p), that they are annihilated in pairs, or that they complement each
other on either side of the equal sign.

Consider the following four cases:

Case I: w (5 —i) <w ' (=5 + 1 andw ' (=5 +2+1i) <w (=5 +1)

The product G(w; p) includes the pair

Vr_(zoi-n)¥r—(-z424i-1) = Yiy1Pr—i—1 = 1
that does not appear in G (w; p).

Case 2: w5 — i) > wh (=5 + Dandw (~§ +241) > w (= + 1)

The product G(w; p) includes the pair
VYr i (o V-tiotio(—2+1) = Yr—im1Pig1 = 1
that does not appear in G(wT; p).

Case 3: w (5 —i) <w ' (=5 +1) <w (=5 +2+1)
The product G/(w;p) includes the factor ¢r ;1) = ;41 and G(wT;p) in-

cludes the same factor ¢_ryo1;(—z41) = Yit1.

Case4: w (5 —i) >w ' (=5 +1) >w (=5 +2+1)

The product G(w;p) includes the factor Yr i (—z41) = Yr_i1 and G(wt;p)

includes the same factor @Dg, —rgotio1) = WVpr_i_1.
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If  is even, there is also the possibility that either w or w7 contain an inversion
introducing a factor - that would not appear in the other. However, ¢x = 1 so this
does not affect the equality. In the context of the pairing argument above, this can be

interpreted as a degenerate pair where § — 1 = —3 + 2 + . [

We now turn our attention to the multiresidue of * that yields (a translated version
of) Hy pp 1. The Gauss sum identities required are quite similar to the identities required
for the multiresidue yielding H; rg,, which we have already outlined. Figure 4.2 shows
the cosets of the parabolic subgroup R = (o3, ...,0,). Note that the entries in Figure

4.2 are arranged so that the i column corresponds to terms exactly divisible by x% and

the j'" row corresponds to terms exactly divisible by xJQ

(2,1, %, %, %) | (1,2,%,%,%)
(2,0, %, %, %) (0,2, %, %, %)
(2, =1, %, %,%) | (1,0,%,%,%) (0,1, %% %)  (=1,2, %, % %)
(2, =2, %, %,%) | (1, =1, %, %, %) (=1, 1%, %,%) | (—2,2,%,%,%)
(1, =2, %,%,%) (0, =1, %,%,%) (=1,0,%,%,%) | (=2,1, %, %,%)
(0, =2, %, %, *) (—2,0,%, %, %)
(=1, =2, %, %,%) | (=2, =1, %, %, %)

Figure 4.2: The cosets of the parabolic subgroup R for the series associated with A,

In terms of Figure 4.2, we use Lemma 4.2.2 to show that the coefficients of 2 (in the
first column) are all equal. The coefficients represented on the super-diagonal, namely
i+l

the coefficients of 2" z%, are

V(P 6:_gz;p) = Ve (Pn";p) = p ¥ (P;p). (4.14)

Here 9, ; denotes the permutation that fixes all elements other than ¢, j and swaps those

two. Taking equation (4.14) with £k = r = 4 and Lemma 4.2.2, we deduce that the
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coefficients of x‘llx% are the negative of the coefficients of x% Lemma 4.2.1 shows that

U (P p) = =V (Prey; p)s (4.15)

which implies that the coefficient of 2tz is negative that of x5 for 0 < i < r.
The six coefficients represented by the center columns that are not at the top or bottom
are 0 by Lemma 4.2.1 since they correspond to cosets invariant under the action of ~.
This is sufficient to see a factorization of the numerator prerequisite to the residue of

Theorem 4.1.1.

4.3 Normalizing Residues

In this section, we prove Theorem 4.1.2 and note that Theorem 4.1.1 follows by the

formal similarity for the p-part and the global series in the rational function field.

Proof. (of Theorem 4.1.2) The residues in equation (4.6) are all at simple poles so they
are computed by

lim --- Res 1(1 _ |p|(r—l)/r—52) c(1— |p|(1ﬂ—1)/7“—sr—1))]{?Er)(817 e S5P).

1
So—1 p Sp—1—1 p

Both residues in the theorem are proven in a very similar way. We will build on the
strategy laid out in Section 4.2 to prove the first. Then, we will point out the novel
features about the second and let the details for the reader.

The main part of the proof is to analyze the numerator of /1. As before, let 7;; be

the permutation that exchanges ¢ with £ and j with —Z. Let

H:,num(}/ia s ,Y;) = Z \IJ(U), p)Yppr

weW

= Z Z \Il<w7ri,j; p)YP—’lUTFZ'7jp (416)

i,je@ weP
i#j
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be the numerator of /. In the residue, we need to evaluate

H:num(yia ]-a ]-7 17 ey ]-, K’) = Z \IJ(PT[-ZJ, p)Yp—ﬂ'i,j,D. (417)
1,JEO
1#£]

As described in Section 4.2, we have

H (Y1, L L1 1Y) = WP p) Y i, )Y PP (4.18)
i,j€O
i
where
I i=gorj=—3
e(i,j)=¢-1 i=—Lorj=1
0 otherwise.

It is not difficult to recognize the factorization

r—1
H (Y1, 1,11, 1Y) = U(P;p)(1 = 1Y, (ZY’“) (ZY’“) (4.19)
k=0

Let o € ®. The factors in the denominator are accounted for in the following ways:

o If oy £ aand o, £ o, then 1 — |p|" ™' X contributes to the constant C, in the

residue.

o If oy < awand o, < v, then 1 — |p|"*™* X contributes to the denominator of

Hy pur.

e Ifay < aand o, £ @, then 1 — |p|"*™* X factors and is partially canceled by a

factor from the numerator.

e Ifa; Acaand o, < a, then1 — \p|”a|_1Xa factors and is partially canceled by a

factor from the numerator.

The proof of the second residue has two distinctive features. Let x; ; be the per-

mutation that exchanges ¢ with  and j with § — 1. If j = £, then U(Pk;;;p) =
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;W (Pk;;;p) and this introduces non-trivial Gauss sums in the residue. These can be

seen to correspond with the Gauss sums that appear in H rp . One can compute
H (Y1, Y2, 1,1, =

r—1 r—1
U(P:p) <Z Yf) (1 — VYT D kYY1 - Yz>> . (420)
k=0

k=1
The second distinctive feature is that the translation for /1 does not cancel the trans-

lation of Hj ppy, in equation (4.7) as it does for equation (4.6). Thus, the third factor in
equation (4.20) can be recognized as the numerator of Hs g7, in equation (2.10) with

the variable changes Y — X and Y; — |p|""2/*"y". O

4.4 Global Series Z"

In [CGb] Chinta and Gunnells describe functional equations which the global series Zﬁ”)
must satisfy. In that paper they specialize to the root system As, but the generalization
to A, is not difficult. Let § € Z", we write (¢, ...,¢.) ~ Bifforall 1 <i <r we have

deg c¢; = (3; mod n. Define

H(cy,. .. e
ZM(s1,...5:50) = Qsy,...,5,) Z (1, )

ylalar ol
T

4.21)

where the sum only includes monic polynomials. The global functional equation is

ZM (x; B) = Bp,i(2:) 20 (0% B) + Qopopi(2:) 2 (0:%; B), (4.22)
where
_ 1—pi(B) l—q d
PB,i(z) = (qz) T g ™
L g (4.23)
. — (e Hi(B) l-n_=
Qpile) = (e O)gr) " LT

Since we have a complete understanding of the poles of Z,gn), the uniqueness of the

p-part established in Chapter 3 applies to the global series as well. Thus, we have the

following theorem:
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Theorem 4.4.1. The series Z\" is the rational function in the variables x; = q %,

1 < <, given by

2iweey, Lw)a?™™

ZW (2, .. x,) = , 4.24
2@, ) Ha€¢+(1_qT|a‘+1xa> ( )
where
T(w)= [ (e )g"™ (4.25)
i<j
w¢<wj
and
) Z . . 0 d
ey =T FiFEOmodn (4.26)
qr(€') otherwise.

Thus, the variable transformations (1.3) transform H™ 1o 7M.

Proof. We observe that the variable transformations (1.3) transform P ;(x) and Qg ;(2)
from equation (3.15) to PBs.;(z) and Qg ;(x) from equation (4.23) respectively. The

expressions on the right hand side of equation (4.24) and zm

defined in equation (4.1)
have the same poles, satisfy the same functional equation, and both have a constant
term of 1. Analogs of Theorem 3.4.1 and Corollaries 3.4.2 and 3.4.3 imply that such an

expression must be unique. The second statement of the theorem is now easily verified.

]
Finally, we can easily prove the capstone of this dissertation.

Proof. (of Theorem 4.1.1) Recall that the variable transformations (2.11) transform
H; pur to Z; pgp for @ = 1,2. We have just shown that the variable transformations
(1.3) transform H™ to Z\™. With Theorem 4.1.2 in hand, the residues of Theorem
4.1.1 are forced to hold up to some linear translation of the parameters s;. It is easy to

verify that the linear translation is as claimed. 0
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Chapter 5

Conclusion

an oriole
of origami fold
unfurl your colored polygons

It is hoped that the explicit computations of these series in this dissertation can pro-
vide insight for more general fields. However, even within the context of the rational
function field, we expect to be able to use the methods of this current work to explore
conjectural relationships among multiple Dirichlet series.

It should be possible to utilize the theory of Chapter 3 to be able to readily compute
stable and unstable (i.e. when n is small compared to the rank of the root system)
local factors for Weyl group multiple Dirichlet series. It is believed that the derivation
of the linear system in equation (3.26) should generalize in a straightforward way to
more general root systems following the definitions in [CGa]. With that generalization
we expect that we can find an efficient way to compute local factors for any of the
irreducible root systems.

Let Z™ denote the Weyl group multiple Dirichlet series associated to A, with n'®
order Gauss sums. An immediate goal of such efficient computation would be to inves-

tigate residues of Z" forn < r. Computational evidence suggests that (r — 1)-fold

residues of Z\" " results in a product of Riemann zeta functions. A multiresidue of

7" withn < r — 1 also appear to reveal some structure.
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It is conjectured in [CGa] that a 3-fold residue of the cubic Weyl group multiple
Dirichlet series associated with Eg will recover a series used by Brubaker in [Bru03]
to prove an asymptotic formula for the second moment of a cubic Dirichlet L-series.
This proof should be attainable in general with current techniques since the Fourier
coefficient of the cubic theta function is known. Explicit computations with the local

factor is an easy way to test the conjecture.
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